Chirp-pulse microwave computerized tomography (CP-MCT) represents an innovative medical imaging technique. One of the advantages of CP-MCT is that data reduction is based on the standard algorithm of x-ray tomography, namely filtered back-projection and therefore is very fast, even if not very accurate. For this reason we recently proposed a modification of this algorithm based on a linear model, hence on a computationally efficient approach. The method has been validated by means of real data obtained with the Niigata prototype of the CP-MCT scanner. However, the applicability of the underlying model has not yet been completely analysed. In this paper, we first investigate the assumptions leading to the linear model and then we show, by means of numerical simulations, that it can provide quantitative maps of the attenuation constant of the body in the low-contrast case.
Introduction
Chirp-pulse microwave computerized tomography (CP-MCT) is a multi-frequency approach in microwave tomography [1] [2] [3] [4] , developed at Niigata University, in order to perform noninvasive thermometry of the human body via the temperature dependence of the microwaves' attenuation through the biological tissues. This imaging modality is essentially based on the following approach.
An antenna S (source) emits a chirp pulse with a frequency in the range of 1-2 or 2-3 GHz and a sweep time between 20 and 200 ms. The pulse crosses the body and is detected by a second antenna R (receiver). Part of the input signal of S is multiplied in the time domain by the output signal of R and this mixed signal is passed through a Fourier filter 6 Author to whom any correspondence should be addressed.
to extract the amplitude of the Fourier component corresponding to the beat frequency. This technique, known as microwave time delay spectroscopy (MTDS) [5] , is used for selecting the signal propagating along the straight line S-R, hence reducing diffraction effects and improving resolution.
The source S and the receiver R move along two parallel guides which can rotate a given angle at the end of the process. Therefore, the scanning geometry is similar to that of parallel beam x-ray tomography. The amplitudes of the beat components for all S-R positions are the raw data of CP-MCT.
After appropriate processing of these raw data, the result of linear scanning with a given angle provides a CP-MCT projection of the body, and the set of these projections is the CP-MCT sinogram. Next, by implicitly assuming an absorption model similar to that of x-ray propagation, these projections are treated as the Radon projections of the body, and image reconstruction is performed by means of the classical filtered back-projection (FBP) algorithm for Radon transform inversion.
In principle, CP-MCT is supposed to be an effective microwave imaging technique, involving all the advantageous features of microwave tomography (low invasivity and optimality in contrast) and exempt from its most typical drawbacks, such as strong diffraction effects and low spatial resolution. Furthermore, the analogy with a well-known and wellestablished modality such as x-ray tomography is appreciated and the low computational demand makes CP-MCT a potential candidate for medical applications. A comparison of CP-MCT with another microwave modality is discussed in [6] .
In spite of good results obtained with different kinds of phantoms [4] , the CP-MCT images are still affected by a considerable blur due to incomplete discrimination of the straight path joining the two antennas and to their finite aperture size [7] . Moreover, it is not completely clear what the physical parameter imaged by CP-MCT is.
An analysis of these limitations should imply accurate mathematical modelling of the CP-MCT modality, but such a task is quite difficult as one can easily understand by taking into account the different steps of the imaging procedure. Indeed, it implies not only microwave scattering but also mixing and filtering of the detected signal, as required by MTDS.
An attempt to develop an improved 'empirical' model was made in a series of papers [7] [8] [9] . According to this model, a CP-MCT projection is given by a blurred version of the corresponding Radon transform, the blurring being described by an appropriate point spread function (PSF). This description of the signal propagation/detection in the scanner naturally inspires a two-step reconstruction algorithm, where the first step is the regularized deconvolution of the CP-MCT sinogram and the second step is the filtered back-projection of the deconvolved sinogram.
The aim of the present paper is twofold: first, to clarify what the physical parameter that is imaged in CP-MCT is and, second, to understand the conditions to be satisfied by this parameter to allow the use of the linear model.
For this purpose we formulate explicitly the very crude assumptions and approximations underlying the linear model. If they are satisfied, then we show that the CP-MCT images are maps of the attenuation constant of the body or, more precisely, of the contrast between the attenuation constant of the body and that of the bolus surrounding the body. As a consequence, in the case of exact discrimination of the signal propagating along the path joining the two antennas, the CP-MCT projections coincide with the corresponding Radon projections of the contrast function. Moreover, residual diffraction effects and finite antenna aperture are taken into account by the 'blurred' version of this projection, that is described as the convolution of the Radon projection times the PSF of the scanner, defined as the CP-MCT projection of a small body located in the centre of the imaging region. This explicit model, described in section 2, is essentially a systematization of a number of assumptions more or less implicitly used in our previous papers. It implies several consequences that can be tested in a simulation study which is briefly described in section 3. The main results are given in section 4 where we show that the linear model can be successfully used at least in the case of objects with a simple geometry and a contrast with respect to the bolus not exceeding 30%. More precisely, in the case of bodies characterized by a low contrast in the attenuation constant, CP-MCT combined with our linear model can provide quantitative maps of this electrical parameter. The imaging of high-contrast bodies is a completely open problem.
Modelling of CP-MCT raw data
As we pointed out in the introduction, CP-MCT and x-ray tomography are characterized by several common features. In particular, the geometry of the CP-MCT prototype operating at Niigata University is the same as that of traditional x-ray scanners in the parallel beam set-up (CP-MCT scanner with fan beam geometry is nowadays under development [10] ). In such a case it is possible to reduce the problem to a 2D one if we consider objects approximately invariant with respect to translations in the direction of the rotation axis and TM-polarized electromagnetic fields generated by line sources.
The coordinate system we use in the imaging plane is defined in figure 1 , where {θ, θ ⊥ } is a pair of unit vectors, with θ orthogonal to the straight line S-R. Therefore, the coordinates of this line are given by (s, θ ). By moving the two antennas along the direction θ we get the raw data providing the CP-MCT projection in this direction.
We denote by u(s, y ; ω) the component of the electric field, orthogonal to the imaging plane and corresponding to a given frequency ω; it is a solution of the Helmoltz equation
where k is the complex wavenumber which, in general, depends both on the frequency ω and on the position P. It is given by
where and σ are, respectively, the permittivity and conductivity of the medium. A first approximation consists of neglecting the frequency dependence of these parameters in the frequency range between 1 and 3 GHz. Moreover, we will assume that the following quantity
is sufficiently small in the same frequency range. If we put
where α and β are the attenuation constant and the phase constant, respectively, then, at the first order in η, we have (see [8] )
where c = ( 0 µ 0 ) −1/2 is the phase velocity of the microwave in the medium. Therefore, in the limit η = 0, both the attenuation constant and the phase velocity do not depend on the frequency.
In view of introducing the absorption model, we first consider a homogeneous medium (the bolus) and a plane wave propagating in the direction θ ⊥ and modulated by the chirp signal
where T S is the sweep time of the signal and χ S (t) is the characteristic function of the interval [0, T S ]. Then, if we denote by u θ (y ; t) the component of the electric field of this plane wave, we have
whereĉ(ω) is the Fourier transform of the chirp signal and k b is the complex wavenumber of the bolus, given by equation (2) with { , σ } replaced by { b , σ b }. In a similar way, we denote by α b and β b the attenuation and phase constants of the bolus.
In the case of a homogeneous medium, the electrical parameters do not depend on the point P. Therefore, if we insert equation (5), for α b , β b , with η = 0, into equation (7), we find that, at a distance d from the origin, the plane wave is given by
where c b is the phase velocity of the bolus (also independent of ω) and T D = d/c b is the time delay of the wave front travelling from y = 0 to y = d.
During the time interval [T D , T S ], the signal at the exit of the mixer is given by S(t) = c(t)u θ (d; t)
and it is easy to see that it contains the beating term (see [7] ):
where we have identified the interval [T D , T S ] with the interval [0,
The modulus of the Fourier transform of this beat term shows two peaks at ω = ±ω B , where ω B = KT D is the beat frequency; moreover, in the neighbourhood of ω B , it is approximated by
with a maximum value M given by
where C is a constant that does not depend on the properties of the medium. This is the output of the filter in the simplified case of a plane wave in a homogeneous medium. Let us consider now the general case of a body immersed into a bolus and let us denote by M θ (s) the output of the filter, corresponding to the (s, θ )-configuration of the two antennas. The antenna S is emitting a chirp signal and we assume that, along the straight line joining the two antennas, the field can be locally approximated by a plane wave that is attenuated in the way described above. Then, one can assume the following simplified absorption model for M θ (s):
where (s, y ) are the coordinates of a point on the straight line S-R and α(P ) denotes some average value of α(ω; P ) in the frequency range of the chirp pulse. This assumption is justified if equation (5), with η = 0, provides a satisfactory approximation. In addition, the constant C coincides with that given in equation (11) . The exponential dependence on the attenuation constant as well as the need of subtracting the effect of the bolus surrounding the body of interest suggests to define the CP-MCT data in the following way:
where M b,θ (s) are the raw data obtained, for instance, by means of a calibration procedure which consists in extracting the body from the bolus and collecting the corresponding CP-MCT data. For a fixed θ and varying s, this equation defines the CP-MCT projection in the direction θ . Now, since the bolus consists of a homogeneous medium with uniform attenuation constant α b , M b,θ (s) is given by equation (11) . If we introduce the contrast function
and its Radon projection in the direction θ
then, by inserting equations (12) and (11) into equation (13), we get
In conclusion, if the approximations introduced in this section are valid, then the CP-MCT projections are approximately given by the corresponding Radon projections of the contrast function. We remark that this function is zero in the domain occupied by the bolus, is positive in the points where the body is less absorbing than the bolus and is negative in the points where the body is more absorbing than the bolus.
However, the CP-MCT sinograms look like blurred versions of the typical x-ray sinograms [7] . According to the modified linear model which accounts for this blurring [7] , the CP-MCT projection of a phantom, g θ (s), is related to its Radon projection, p θ (s), by the linear relation
where R(s) is the PSF of the imaging system. An exhaustive description and an experimental validation of this model are given in [8, 9] .
Numerical simulations
A quantitative analysis of the implications of the linear model requires the use of numerical simulations. Therefore, we need a code for generating CP-MCT raw data and a code for image reconstruction.
Raw data generation
A code for raw data generation can be based on an FD-TD code for simulating microwave propagation through the CP-MCT scanner. However, chirp waveforms are not suited for FD-TD time excitation because of the large value of the sweep time and the fast oscillatory behaviour of the chirp signal; as a consequence, a direct computation of the field at the receiving antenna is too heavy from the computational point of view. For this reason, we have integrated the FD-TD code with a computational module implementing a method referred to as after-effect function method (A-EFM) [11, 12] . This method consists essentially in computing the transfer function of the medium (obtained by exciting, for instance, the transmitting antenna with the derivative of a suitable Gaussian function) and in multiplying this function by the Fourier transform of the chirp signal. Moreover, the code must implement simulation of the mixing and filtering procedures as well as background estimation and subtraction.
In our simulations, we have adopted a chirp signal with unit amplitude, minimum and maximum frequency of 1 and 2 GHz, respectively, and a sweep time T S = 9.09 × 10 −7 s. Moreover, the computation of the transfer function is accomplished by using, as input signal, a TM-polarized field whose dependence on time is given by the time derivative of a Gaussian function with standard deviation 2.15 × 10 −10 s. The two antennas are assumed to be at a distance d = 0.141 m.
Image reconstruction
As already remarked in the introduction, image reconstruction based on the blurred linear model requires two steps: the first is a deconvolution of the raw data based on an estimate of the PSF and the second is standard FBP.
About the first step, the basic ingredient is the computation of the PSF. A method is proposed in [8] . However, not all details needed for implementing this computation are given in that paper and for this reason they are provided in the appendix. In addition, we need a deconvolution method.
Since, in the particular cases considered in the next section, we focus on bodies less absorbing than the surrounding bolus, the contrast function is non-negative and we can use the deconvolution method proposed in [8] , namely the iterative method known as projected Landweber method with non-negativity constraint (see [13] for an introduction).
This reconstruction method is based on the validity of the model given in equation (17). Therefore, a check of this model can be obtained not only by comparing the result of the nth iteration p (n) (s) with the Radon projection p(s) defined in equation (15), but also by verifying that the reconstructed p (n) (s) is able to reproduce the data g provided by the FD-TD computation. To this purpose, at each iteration, we compute the so-called relative discrepancy which is given by
where · 2 denotes the L 2 -norm. Since in our simulations we do not add noise to the data computed by means of FD-TD, the value of this quantity is an estimate of the error due to the model used for approximating the CP-MCT data.
Quantitative analysis of the linear model
The purpose of this section is to verify that, in the low-contrast case, if we apply the blurred linear model to CP-MCT raw data we can deduce quantitative information about the contrast function of the body. We mainly consider bodies with simple geometry in order to reduce the computational time in the use of FD-TD.
Centred cylinders
We consider a homogeneous cylinder with section , radius a and uniform attenuation constant Since we assume space invariance of the PSF, also the corresponding CP-MCT projections do not depend on θ . If we insert the expression of p(s) into equation (17) we get a formula leading to the following observations. First, for a fixed s, the corresponding value of the projection depends linearly on the contrast c; second, the position of the zeros of g(s) depends on the size of the cylinder but not on its contrast. It follows that for a fixed value of the radius and different values of the contrast, the zeros of the CP-MCT projections must fall on the same places.
The CP-MCT projections of cylindrical phantoms, all with radius a = 0.02 m but with different attenuation constants, have been computed by means of our FD-TD code, assuming that they are immersed in a bolus with permittivity b = 73.9 and conductivity σ b = 1.77 S m −1 , which are the electrical parameters at 1.5 GHz of a saline solution with concentration 0.69% and temperature of 32
• C. The corresponding value of the attenuation constant is α b = 38.79 m −1 . Moreover the phase velocity is 3.49 × 10 7 ms −1 , so that the delay time is T D = 4.04 × 10 −9 s. We also remark that in the frequency range between 1 and 2 GHz the variations of permittivity, as a function of the frequency, are smaller than 1% while those of conductivity and attenuation constant are of the order of 15% (we use the values given in [8] ). Lastly, the value of the parameter η, defined in equation (3), is about 0.186.
The value of the permittivity of the cylinder has been set to c = 74.5 and the attenuation constant has been changed by only changing the conductivity. In such a way we have produced cylinders with a contrast with respect to the bolus ranging from 0 to ±100%. figure 2(a) . We point out that zero contrast in the attenuation constant corresponds to different electrical parameters of bolus and phantom. Since the difference in permittivity is kept fixed, this is compensated by a difference in conductivity. More precisely, the conductivity of the cylinder is σ = 1.78.
In figure 3(a) , we plot the CP-MCT projections as functions of the s-variable for five different values of the contrast ξ . The fact that the positions of the zeros of g(s) do not change with the contrast is verified as we predicted above. Moreover, an inspection of this figure provides a very interesting result. Indeed, the value of the Radon projection for s = 0 is given by p(0) = 2ca and, by using the values of the contrast function, for the five cylinders of figure 3(a) one finds values ranging from 0.39, in the 25% case, to 0.078, in the 5% case, values remarkably close to the maximum values of the CP-MCT projections plotted in the figure, i.e. g(0) .
Next we applied the deconvolution method described at the beginning of the section. The PSFs corresponding to the correct values of the contrast (and normalized to unit area) were computed by means of the method given in [8] . Using 25 Landweber iterations, the deconvolved CP-MCT projections are in remarkable agreement with the corresponding Radon projections. In figure 3(b) , we plot the results corresponding to the two extreme cases, namely 25% and 5% contrast. Except for small side lobes, we find a very good quantitative estimation of both the values of the Radon projections and the radius of the cylinder. An inspection of the figure indicates a few per cent error in the estimation of the radius, and such a good result is mainly due to the beneficial effect of the non-negativity constraint assured by the projected Landweber method.
Finally, in figure 4 we plot, as a function of the number of iterations, the relative discrepancy defined in equation (18). This quantity decreases to values smaller than 1%, indicating a very good agreement between the CP-MCT projection and the linear model.
Co-axial centred cylinders
The possibility of quantitative evaluation of the attenuation contrast by a processing of CP-MCT projections based on the linear model, at least in the low-contrast case, can be confirmed by investigating a more complex phantom. It consists of two centred co-axial cylinders, with radius a and b respectively, and a > b. We assume that the internal cylinder has a uniform attenuation constant corresponding to a contrast c b with respect to the bolus; analogously, the surrounding cylinder has a (different) attenuation constant corresponding to a contrast c a . Moreover, we assume 0 < c b < c a . Also in such a case we have only one Radon projection given by
We have performed an FD-TD simulation for computing the corresponding CP-MCT projection in the following case: external bolus with the same electrical parameters of subsection 4.1; an external cylinder with radius a = 0.04 m and a positive contrast with respect to the bolus of 25% (hence less absorbing than the bolus), obtained as in subsection 4.1; an internal cylinder with radius b = 0.01 m, also less absorbing than the bolus, but with a contrast with respect to the bolus of 10% (hence with a negative contrast with respect to the external cylinder of −20%). In such a situation we have three PSFs, which are plotted in figure 5 ; all are normalized to unit area). The full line is the PSF of the external cylinder surrounded by the bolus, the dotted line that of the internal cylinder, also surrounded by the bolus and, finally, the dashed line that of the internal cylinder surrounded by the external one.
In figure 6 (a), we plot the result of the FD-TD computation; if we compare with figure 3(a) we see that the presence of the internal cylinder is indicated by a small modification of the structure of the central lobe. This projection has been deconvolved using the three PSFs of figure 5 ; the best result has been obtained with the PSF of the external cylinder relative to the bolus and this result is shown in figure 6(b) . The relative discrepancy is of the order of 5%, a number which shows again a good agreement with the linear model.
In figure 6 (b), we also plot the Radon projection of the two cylinders and the quantitative agreement between the deconvolved CP-MCT projection and the Radon projection is fairly good. We point out that the estimate of the radius of the external cylinder is quite accurate, while the radius of the internal one is not precisely defined and is likely overestimated. The explication of this result resides on the fact that the estimation of the external radius is improved by the non-negativity constraint, as we already remarked in subsection 4.1, while in the internal region the non-negativity constraint is not active. As a consequence, the blurring of the CP-MCT projection is not completely removed by the deconvolution process. 
Off-centre cylinders
The good quantitative accuracy obtained in the previous cases may be due not only to the beneficial effect of the non-negativity constraint but also to the symmetry of the phantoms we have considered. Therefore, we have performed a numerical simulation with a non-centred cylinder. In such a case one must compute different projections corresponding to different angles of view.
We have considered one of the cases of subsection 4.1, namely a bolus with the same electrical parameters and a cylinder with radius a = 0.02 m and a 25% contrast with respect to the bolus; but now the centre of the cylinder is at a distance of 0.015 m from the centre of the imaging region. We have computed 36 projections between 0
• and 180
• , and we have verified in a few cases that the projections corresponding to directions θ and θ + π are almost identical (another consequence of the linear model). Next, the CP-MCT projections have been deconvolved using the PSF corresponding to the electrical parameters of cylinder and bolus. Three of the deconvolved projections are displayed in figure 7(a) .
A comparison with figure 3(b) shows that now the contrast is slightly overestimated at the centre of the cylinder as well as the radius. This remark also applies to the projection at 90
• , that is symmetric, as the projection of a centred cylinder. The reason of this effect is not clear even if, of course, the two situations are not identical because, now, the two antennas are not at the same distance from the centre of the cylinder. For these reasons and also because the number of projections is small, the 2D reconstruction obtained by means of FBP is not very accurate. In figure 7(b) , we plot the cut of the reconstructed cylinder along the line trough its centre and orthogonal to the line joining its centre with the centre of the imaging region. An artefact at the centre of the cylinder has to be remarked upon. Anyway, the estimate of the radius looks satisfactory.
Concluding remarks
In this paper we have investigated the assumptions leading to the linear model used in the processing of CP-MCT data. It is shown that the model is the result of very crude approximations on the data provided by the application of MTDS to CP-MCT. These approximations derive from strong assumptions on the electrical properties of the body to be investigated. Since, according to the model, CP-MCT is a technique providing maps of the attenuation constant, this parameter must weakly depend on the frequency in the range between 1 and 3 GHz and must not suffer strong variations within the body to be imaged. In other words, CP-MCT is a technique which works well in the low-contrast case. Anyway, our numerical simulations show that in the case of phantoms with a simple geometry and a weak contrast with respect to the bolus the model allows a rather accurate quantitative estimate of the contrast function. Such a result is a bit surprising due to the crudeness of the approximations. It suggests to look for practical situations where CP-MCT could provide not only a fast but also an accurate reconstruction of the map of the attenuation constant.
v(s; ω) =
From the expressions (A.10) and (A.2) forĉ (+) ,ĉ (−) andv(ω, s) respectively and the approximations (5) for the attenuation and phase constants into (A.2), we obtain, for the two integrals of equation (A.11), expressions which can be computed analytically if the second mean value theorem is used in order to extract the non-oscillating terms. In such a way, one can easily show that the first term on the right-hand side of (A.11) has a maximum around ω = −ω B , while the second term has a maximum around ω = ω B . Since the first term is negligible around ω B with respect to the second one, the final approximate expression for the convolution product iŝ This integral can be computed numerically around ω B . Then one can take the maximum of the modulus and apply the usual procedure for the computation of the projection.
